The assisted tunneling of a wave packet between square one dimensional barriers is treated analytically. The tunneling rate is calculated exactly for a potential mimicking a constant electric field with arbitrary time dependence. The pole spectrum of the barriers determines the decay time. The tunneling probability is enhanced by the perturbation. The results are exemplified for a simplified model of nuclear α decay.
The quantum tunneling paradigm explains diverse processes, as currents in Josephson junctions and nuclear alpha decay. Energetically forbidden regions for a classical object, become accessible for a quantum system.
Gurney and Condon and Gamow, used the tunneling model to reproduce the experimentally measured huge range of α decay lifetimes of similar unstable nuclei. [2, 3] The scheme has withstood continuous scrutiny in the intervening years [4, 5] .
In a previous work we investigated the tunneling of a one dimensional metastable state between delta function barriers, excited by a time dependent potential. [1] By inspecting the modification of the spectrum of the poles ruling the decay process, we estimated a non-negligible enhancement of the tunneling probability when an external time dependent perturbation acts on a system.
In the present work we find exact solutions to the assisted tunneling process, with square barrier potentials instead of delta functions. Square barriers provide a more realistic description. δ function potentials have a continuous spectrum, as well as bound states centered with the peak [6] . The bound states owe their existence to the singular behavior of the Dirac δ function, and are therefore unrealistic. We ignored them in the calculations of ref. [1] . Here, we consider a better behaved model for the potentials, namely square barriers.
The importance of analytical expressions in the context quantum tunneling was stressed in [1] . Decay times are enormously different form the natural time scales of nuclear and even atomic phenomena. It is not possible to follow the decay process numerically. The formulae presented here aim at bridging this gap.
The Schrödinger equation for a one dimensional system between square barriers is
For nuclear α decay γ ≈ 20MeV , m ≈ 20f m −1 , x 0 ≈ 10 f m, d ≈ 20f m, mγ x 0 = 400. In the following we consider an initial Gaussian wavepacket, located t = 0 in the region between the barriers.
where ∆ is the width parameter of the packet. This packet is a reasonable model for the metastable state and facilitates the analytical evaluation of the decay amplitudes. The results presented here are nevertheless not limited to gaussian packets.
Inside the barrier region the packet disperses if ∆ < x 0 . , but, soon enough swelling comes to a halt due to the presence of the barriers. It can then spread only through the tunneling process governed by the barriers.
The even (e) and odd (o) stationary states of eq.(1) are readily found to be
where we have extracted a factor of √ π from the normalizations for the sake of convenience. The set of even-odd functions is orthonormal and complete. 1 The normalization factors fix the location of the poles in the complex plane. These poles govern the exponential decay of metastable wave functions in the inner region [1] .
The normalization factors are given by
where
1 This and other details will be presented in a forthcoming work
We assume a time dependent spatially linear perturbation potential
with µ a coupling constant. For a spatially constant time-harmonic electric field of intensity E 0 interacting with an α particle of charge 2 |q e |, we have
In order to eliminate the explicit space-time dependence of eq. (8) we apply the unitary transformation
The Schrödinger equation (1) including the perturbation of eq.(8) becomes
The wave function Φ is expanded in the complete set of even and odd states of the unperturbed Schrödinger equation (1) Φ
The amplitudes a e,o consequently obey the time evolutioṅ
where we have applied the leading contribution to the superposition integral
and a dot denotes a time derivative. The exact solution to eqs.(13) for an initially symmetric wave packet such as the one of eq. (2) is
where c e (k, 0) corresponds a well localized ∆ << x 0 wave packet of the form of eq.(2). Other initial wave functions merely change the functional dependence of c e (k, 0).
We are interested in the decay of the wave packet from the internal zone leaking out to infinity. As discussed in [1] , the most important contribution to the integral in eq.(12) originates from the poles in the amplitudes of eq.(15). Using a formal development of the harmonic functions in eq.(15), and the expansion of the normalization factors near a minimum
where j enumerates the pole number. The wave function in the inner region reads
2 In ref. [1] there was a sign misprint in the second of eqs. (11) G j (x, t) = π 3/2 ∆ cos(s j,e x) s j,e e w 2 β j,e λ j,e u j,e = − µ q j,e Y (t) 2 m n o (q j,e ) β j,e 2 w = −q j,e (∆ 2 /4 + i t/(2 m)) q j,e = (k j,e ) 2 − i β j,e λ j,e s j,e = √ q j,e
The amplitudes of eq.(15) determine the wave function through eq.(12). Integration over k is dominated by the pole structure of the normalization factors n o,e (k).
The poles are located close to
Eqs. (22) give starting values for the numerical search of the location of the poles. The poles appear in pairs located symmetrically above and below the real momentum axis. , and
, as a function of k in units of f m −1 for a typical α decay barrier poles are extremely sharp in position, it was found necessary to use a quadruple precision algorithm on an α cluster mainframe to find them. The imaginary parts of the poles are typically many orders of magnitude smaller than the real parts. 12) is evaluated by contour integration in the complex k 2 plane, the contour has to be closed from below. In the lower half-plane the convergence is insured by the exponential e q j,e no(q j,e )β j,e , around the minima of n e (k). Parameters as in figure 1 unperturbed wave function.
Convergence of the series in eqs. (18, 19, 20, 21 ) is guaranteed if u (e,o),j < 1. However, there appear factors of √ β e,o in the denominators of these variables of the order of the imaginary part of the pole, which is exceedingly small. Nevertheless, these factors are multiplied by the normalization n e,o (q (o,e),j ) of the opposite parity. The product is not only finite, but of order one. We were not able to produce an analytical formula for this product, although the numerical values are very suggestive. Figure 2 plots q j,e n o (q j,e )β j,e , around the minima of n e (k). Note the degree of accuracy needed for the location of the minima. The parameters are those of figure 1. Figure 3 shows
, around the minima of n o (k).
Consequently and for finite times, the series in eqs. (18, 19, 20, 21) converges. 
, around the minima of n o (k). Parameters as in figure 1 We can now estimate the influence of the perturbation on the decay time. The most important contribution to the wave function comes from the even-even component of eq.(18). The other components are markedly smaller due to the appearance of factor of n e,o in the denominators of eqs. (19, 20, 21) .
For a time harmonic perturbation(9), there are two major corrections to the unperturbed decay rate. The amplitude of the wave function is to lowest order multiplied by a factor of the form (1 − ct 2 /4), with c ≈ µ 2 k 2 m 2 Ω 2 from the series in u j,e . This factor depletes the wave at times of the order of the period of the harmonic perturbation for moderate values of µ, much faster than the actual decay time determined by the poles. A second correction already noted in [1] , arises when considering the higher order poles j > 1 in the sum of eq.(18). The latter generates a different decay time for each pole [1] .
In summary, we presented a simple analytical method to calculate assisted tunneling. Numerical results for square barriers and pertinent mathematical details will appear elsewhere. The technique can be generalized to other potentials and initial metastable states. Such endeavor is worth pursuing due to the dramatic impact assisted tunneling may have on nuclear technologies as well as on solid state devices.
